The structure of Langmuir plasma waves carrying a finite angular orbital momentum is revised in the paraxial optics approximation. It is shown that the kinetic effects related to higher-order momenta of the electron distribution function lead to coupling of Laguerre-Gaussian modes and result in modification of the wave dispersion and damping. The theoretical analysis is compared to the three-dimensional particle-in-cell numerical simulations for a mode with orbital momentum l = 2. It is demonstrated that propagation of such a plasma wave is accompanied with generation of quasi-static axial and azimuthal magnetic fields which are consequence of the longitudinal and orbital momentum transported with the wave.
I. INTRODUCTION
It was discussed in the seminal paper by Allen et al.
1 that electromagnetic waves may carry orbital angular momentum (OAM), while propagating in vacuum, which can be transferred to particles if the wave is absorbed. This feature has found various applications in optics for compact storing of information, nano-scale imaging and manipulation 2 . Mathematically such beams are presented with Laguerre-Gaussian functions, which are eigenmodes of the paraxial optics equation in the cylindrical coordinates. Recent publications show the potential applications of OAM modes in particle focusing and acceleration, generation of strong plasma waves, wake-field excitation, and quasi-static magnetic fields [3] [4] [5] [6] Propagation of OAM optical beams in plasmas is associated with excitation of plasma waves that may also carry orbital momentum 7 . The study of these waves is of particular interest as they are coupled to plasma electrons and are involved in such processes as Landau damping and particle acceleration. The kinetic plasma waves in the cylindrical geometry have been studied by Mendonça 8 . In contrast from common plasma waves these "twisted plasmons" demonstrate different dispersion and damping properties. However, the development of the wave dispersion equation in Ref. 8 suffers from some inconsistencies and properties of these twisted modes are not sufficiently analyzed. The present paper is dedicated to a more detailed and consistent analysis of the twisted kinetic plasma waves. It is shown that because of direct coupling of plasma wave electric field to particles, the LaguerreGaussian (LG) functions are not the eigenfunctions of the electron kinetic equation. While the Poisson equation for the plasma wave electric field can be developed in a series of LG functions, they are coupled in the electron kinetic equation because of the electron motion in the radial and azimuthal direction. This coupling can be treated by using an expansion on the paraxial parameter -the ratio of the plasma wavelength to the radial width of the wave packet -which is supposed to be small.
An additional area of interest is the generation of quasi-static magnetic field on the second order of the amplitude of the plasmon. This phenomenon was previously observed in simulations described in Ref. 9 where two co-propagating OAM laser pulses with differing angular mode, frequency, and wavelength are injected into a plasma and couple with an OAM plasmon. The resulting plasmon is shown to generate a second-order quasi-static magnetic field. The distribution function obtained in the analysis performed here is used to calculate the second-order magnetic field. The resulting field structure is significantly more complex than the field described in Ref. 9 , we also present numerical results which match the theoretical predictions made here.
In what follows we briefly recall the representation of the paraxial optics wave equation in a series of LG functions and apply the same approach to electron plasma wave equation. It is shown that the modes with different radial and azimuthal wave numbers are coupled to each other, so no definite angular momentum can be associated with a plasma wave. However, in the paraxial approximation, where the plasma wavelength is much smaller than the radius of the wave beam in the transverse direction, only the coupling between neighbouring modes can be retained and the dispersion equation can be presented in a closed form.
The analysis of this dispersion equation in several particular cases provides the examples of the specific evolution of twisted plasma waves and their coupling to plasma particles. The analytical results are compared and illustrated with intensive numerical simulations.
II. DISPERSION EQUATION FOR THE PLASMA WAVE IN A CYLINDRICAL GEOMETRY
A.
LG modes in optics
An electric field E of the electromagnetic wave propagating in vacuum along z-axis can be represented in an envelope approximation as
where e is the constant polarization unitary vector, ω is the wave frequency, k = ω/c is the axial wave number, τ = t − z/c is the co-propagating time, E 0 (τ ) is the slowly changing in time amplitude, and a scalar function U is describing the waveform in the transverse plane.
It is a solution of the paraxial wave equation
where the second derivative is neglected assuming that function U evolves slowly in the propagation direction. In the cylindrical geometry the function U can be developed in a series of eigenmodes, which are the LG functions:
Here X = r 2 /w 2 is the normalized radial coordinate, w(z) = w 0 1 + z 2 /z 2 R is the beam radius, w 0 is the beam waist, z R = kw 2 0 is the Rayleigh length, ϕ p,l (z) = −(2p + |l| + 1) arctan(z/z R ) is the Gouy phase, f (z) = z + z 2 R /z is the wavefront curvature, and c p,l is a constant coefficient. The radial wave number p ≥ 0 is an integer that numerates radial modes. The integer l could be positive or negative, and it numerates the orbital angular momentum (OAM).
The eigenfunction F p,l is the LG mode:
where L |l| p (X) is a generalized, or associated, Laguerre polynomial of degree p and l which may be defined by the Rodriguez representation 10 :
The set of functions F p,l are orthogonal and normalized according to the following relation
where δ p,p is the symbol of Kronecker. The orthogonality on different angular momenta l and l is assured by the factor e ilθ in Eq. (3). The eigenfunctions F p,l do not depend on the sign of the OAM.
So a relatively simple and compact representation of the OAM beam in optics in vacuum, or in a dielectric medium without spatial dispersion, originates from Eq. (2), the Laplacian in the transverse plane comes from Maxwell's equations. Presentation of the wave field in a series of LG functions (3) is valid if the paraxial parameter is sufficiently small, 1/kw 0 1.
Application of the same approach to the electrostatic electron plasma wave is presented in the next section.
B.
LG modes presentation for the plasma wave
We consider a small amplitude plasma wave in a constant density plasma described by the electrostatic potential Φ and the electron distribution function f e . The potential satisfies the Poisson equation
where e is the electron charge, 0 is the vacuum dielectric permittivity and δn e = dv δf e is the perturbation of the electron density. The potential Φ is related to the deviation of the electron distribution function δf e = f e − f e0 from the equilibrium Maxwellian distribution
which is characterized by the density n e0 , temperature T e , electron energy ε = m e v 2 /2 and the electron mass m e .
For a monochromatic plasma wave, with the frequency ω and wave number k, we are looking for solutions to the Poisson equation (7) we represent the solution of this system as a series of LG functions:
where q = kw 2 b /2f = z/2z R is the factor accounting for the front curvature. Similar to the use of the solution set shown by equation (3) to solve equation (2) , using the set of equations (9) to solve the Poisson equation in the paraxial approximation gives:
By substituting expressions (9) and (10) in that equation one transforms it in a system of algebraic equations for the potential amplitudes φ p,l and partial distribution functions f p,l (v).
The Poisson equation (11) is linear, it thus provides relations between the coefficients of the same mode:
The situation is more complicated with the Vlasov equation, which does not separate into a set of independent equations because the gradient operators v z ∂ z and v ⊥ · ∇ ⊥ couple the modes with different orbital momenta and radial structure. The axial derivative can be presented as follows:
where F = dF/dX. All the terms in the right hand side are of the second order over the paraxial parameter 1/kw b with respect to the dominant term ikv z F . These second-order terms are neglected in our analysis. Then the kinetic equation reads:
where the expression ∂ v f e0 = m e v∂ ε f e0 is used for the derivative of the electron distribution function assuming that it depends only on the electron energy. The operator of differentiation on transverse coordinates can be calculated as follows:
are the radial and azimuthal components of electron velocity and θ v is the angle of the electron velocity in the transverse plane. By using the proprieties of the Laguerre functions 10 , the derivative of the function F can be expressed as:
See Appendix A for details. By multiplying Eq. (13) by the factor F p ,l exp(−il θ − iqX) and performing integration over the transverse coordinates one obtains the following system of algebraic equations for the coefficients f p,l :
where the matrix elements M p,l;p ,l are defined as follows:
Performing the integrations in Eq. (16) one finds the following expression for the matrix elements:
The matrices K + and K − describe coupling of the modes with neighbouring orbital moments:
Considering Eq. (15) one can see the principal difference from the paper by Mendonça 8 ,
where couplings between the neighbouring orbital modes were neglected and the operator v ⊥ · ∇ ⊥ was replaced by its average value for each mode separately. This set of equations can be further simplified by developing the elements of the electron distribution function in Fourier series of the velocity angle:
Then by integrating Eq. (15) over the azimuthal velocity angle θ v one obtains a series of equations for the moments of the partial distribution function f
Along with Eq. (12), which includes the function f (0) p,l , this system fully defines linear plasma waves with arbitrary orbital momentum. The LG modes are coupled both in orbital momentum l to close neighbours and in radial number p in the first order on the paraxial parameter.
C. Dispersion equation for the twisted plasma wave
The system of equations (12) p,l in (19) can be simplified by accounting for coupling to f (±1) p,l but neglecting the higher-order harmonics. Then, the equations for the first harmonics read:
Substituting this expression into Eq. (19) for the harmonic f (0) p,l one finds:
where the notation for the mode-coupling coefficient is introduced:
The second term in the right hand side of Eq. 
In the second term, it is important to account for the second order term in the denominator, which shifts the resonance condition ω = kv z due to the transverse structure of the plasma wave. By substituting this expression for the electron distribution function in the Poisson equation (12) the dispersion equation for the twisted plasma wave is obtained:
The solution of this equation in the limit ω kv th , where v th is the electron thermal velocity, can be found by using a standard expansion procedure. Here we consider the equilibrium distribution function (8) , but the expression (24) is more general. A non-equilibrium distribution function may result from the corresponding plasma wave modes. The real part of the dispersion equation (24) then reads:
where ω pe = e 2 n e0 /m e 0 is the plasma frequency. The mode-coupling term contributes then to the plasma wave dispersion:
Here λ De = v te /ω pe is the Debye length. The last term in the parenthesis could be comparable with the thermal dispersion. As it is shown below in Eq. (29) the coefficients Q 
p,p shifted with respect to the axial phase velocity. By taking the residues of these two resonances one finds expression for the imaginary part of the dielectric permittivity:
Here, the function R(ξ) = ∞ 0 du u exp(−u 2 /2) cosh(uξ) accounts for the OAM contribution.
The corrections due to the orbital momentum of the plasma wave are of the same order to the dispersion and to the damping. The quantitative contribution is defined by the value of the coupling coefficient Q
p,p . Calculation of the coefficients K ± is presented in Appendix A. There are only four nonzero terms in the coefficients K − :
The corresponding matching coefficients in the series K + read:
Summing these coefficients according to Eq. (22) one finds the final expression for the coupling coefficient:
As one can see, the mode p, l is coupled in general to four neighbouring modes: p, l ± 1 and p ± 1, l ∓ 1. In the case p = 0 only three modes are coupled: 0, l ± 1 and 1, l − 1. Finally, the principal mode 0, 0 is coupled to two modes 0, 1 and 1, −1.
All coupling coefficients are negative. This implies, in agreement with qualitative expectations, that presence of OAM increases the plasma wave dispersion and damping. The final expressions can be written as follows:
Im
Note that these expressions are rather different from the expressions (26) and (30) for the plasma wave dispersion and damping proposed in Ref. 8 . In the limit of a very wide (almost planar) wave one finds the standard expressions for the dispersion and damping of a plane Langmuir wave. In contrast, in the case of sufficiently narrow beams, where w 0 < 1/k 2 λ De , the OAM corrections dominate, the function R in that limit ξ 1 behaves as R(ξ) ∼ √ 2π ξ exp(ξ 2 /2).
III. STRUCTURE OF A VORTICAL PLASMA WAVE A. Numerical calculations
In order to test the analytical results presented in this article we carry out numerical calculations in a kinetic framework. These numerical calculations are performed using the 
B. Electric field of a plasma wave carrying an orbital momentum
As an example of LG plasma wave considered in the previous section, we consider here a structure of a single mode p, l within the Rayleigh zone |z| z R . The electric potential (9) contains only one term characterized by the amplitude φ p,l :
where the radial part is given by the function F p,l (r 2 /w 2 b ) (4). The electric field is found by taking the gradient of the potential:
where E 0 = kφ p,l is the amplitude of the axial electric field. The axial field dominates, the transverse fields are smaller by a factor 1/kw b 1. The radial field is phase shifted with respect to the azimuthal and axial fields.
It is important to assure that the radial and azimuthal electric fields are not singular at the beam axis. As the radial function behaves at the origin X 1 as F p,l ∝ X |l|/2 , the fields in question behave as E θ ∝ r |l|−1 and E r ∝ r |l|−1 . Therefore, for l = ±1 these fields are non-zero at the axis, which presents a problem in a cylindrical system. Noting that an l = 1 mode does exist in the work presented in Ref. 6 , the case l = ±1 looks particular. Here, both fields are taking final, but indefinite values at r = 0:
However, these fields in the Cartesian coordinates are regular:
They correspond to the field of a dipole rotating in the clockwise direction for l = 1.
The later time electron density and electric fields obtained from the PIC simulation (shown in Fig. 1 ) match the theoretical values closely, though with slightly smaller amplitudes due to the implementation of the initial conditions in the PIC code.
C. Electron distribution function in the field of a plasma wave
The dominant term in the expansion of the electron distribution function (10) is given by Eq. (23). In the first-order expansion over the paraxial parameter 1/kw b 1, the expression is straightforward:
However, there are other coefficients that are of the first order. This follows from Eq. (20) by taking into account the fact that non-zero coefficients are given by Eqs. (27) and (28). The three components of the electron distribution function in the first order are the following:
With these expressions one can calculate the explicit form of the electron distribution function: This expression can be used for the calculation of the moments of electron distribution function. The lowest moments, the perturbation of density and electric current, can also be found directly from the Poisson and Ampere equations. Explicit solutions for the electron distribution function for mode p = 0, l = 2 are derived in Appendix C. According to Eq.
(7), the density perturbation reads
The electric current follows from the Ampere relation, j e = − 0 ∂ t E:
The same expressions can be found by integrating the expression (39) for the electron distribution function and accounting for the dispersion relation ω ≈ ω pe . One can also calculate the orbital momentum carried by electrons in the plasma wave. In the first order on the wave amplitude one finds:
It oscillates in space and time and does not create a magnetic field. blue filtered data) compared with a theoretical model using a 0 = 0.2 (red). Due to this being a second-order effect there is considerable noise seen in the magnetic field, despite there being ∼ 100 particles per cell in the simulation. Nevertheless, after a filter is applied to the axial field, a good match to the theoretical model can be seen.
The magnetic field generation is a second-order effect. The general expressions for the magnetic field generation by a plasma wave are derived by Bell et al. 11 and Gorbunov et al. 12 . Following the approach developed in this paper, the equation for the second-order vector potential A (2) can be written as
where j (2) = −eδn e v e = j δn e /n e0 is the second-order current. According to the expressions (40) -(43), all three components of the vector potential are generated in the second order on the plasma wave amplitude. Explicit expressions for the vector potential can be found from Eq. (45) in the paraxial approximation, accounting only for the dominant axial derivative in the Laplacian term:
It contains quasi-stationary components for the axial and azimuthal components and the component oscillating at the second harmonic. The axial component dominates and two other components are of the first order on the paraxial parameter. The magnetic field B = ∇ × A (2) calculation is straightforward:
The radial component of the magnetic field is zero, B r = 0, and the azimuthal component dominates. It is of the first order on the paraxial parameter compared to the axial component which is of the second order. The magnetic field is constant, it does not oscillate in time and in space. Magnetic field lines form helices of a constant radius rotating in the direction opposite to the sign of the orbital momentum:
It is important to note that the total magnetic flux over any closed surface is zero:
B z r dr = 0 and magnetic field is zero at the axis. Generation of that magnetic field is an adiabatic effect. Its intensity is proportional to the square of the plasma wave electric field and it disappears as soon as the plasma wave disappears.
The azimuthal component of magnetic field is created by the quasi-static electric current associated with the axial momentum carried with the plasma wave. The axial component of the magnetic field can be related to the orbital momentum carried by the plasma wave. The latter can be derived from the general expression for the electromagnetic stress tensor 13 . In the case of a zero magnetic field it reads
. In plasma we need also to add the particle stress tensor σ ij = n e0 m e u i u j . Then the wave momentum is described by the projection of the stress tensor on the correspondent direction divided by the phase velocity, P j = (k/ω) j n i (T ij + σ ij ). The dominant term in the expression for the axial component of the orbital momentum reads:
Correspondingly, the total orbital momentum per-unit-length carried with a twisted plasma wave is L z = 2π (6) for the normalization of the radial functions is used.) One then can define the magnetic moment per-unit-volume The magnetic fields at later times in the PIC code (Fig. 2) show a twisted solenoid like magnetic field which matches the theoretical calculation above. The numerical values of the magnetic field match theoretical calculations even after the plasmon is left to oscillate for ∼ 20 periods, despite being close to the noise threshold of the PIC calculation.
The plasmon described in Ref.
9 is a p = 0, l = 2 mode, which appears to have the same form as that described in this paper. The magnitude of the axial component of the magnetic field that is shown in that paper is also in agreement with the work presented here. With a plasmon of amplitude a 0 = 0.2 − 0.3, an OAM mode p = 0, l = 2, a plasma density of 4.5×10 18 cm −3 and a beam waist w 0 = 5 µm the maximum amplitude in the axial direction is 2.5 − 5.6 T, which is consistent with the similar conditions in Fig. 2 of Ref. 9 . The theoretical analysis undertaken in Ref. 9 involves considering ring like current structure that ignores the axial components, however this would not be sufficient to calculate the azimuthal magnetic field. No azimuthal magnetic field is shown in the numerical results, and so the full structure of the magnetic field cannot be commented on.
IV. CONCLUSIONS
This study of electrostatic electron plasma waves with orbital angular momentum covers two main aspects of the physics of these objects. The first aspect being the development of a fully kinetic paraxial perturbation applied to the electron distribution function. In contrast with Ref. 8 , the analysis presented here includes corrections due to the coupling of nearestneighbour modes due to gradient terms in the linearized Vlasov equation. This new electron distribution function is used to develop a dispersion equation allowing for the calculation of the phase and group velocities of such a plasma wave including this coupling. The wave orbital momentum and final radial extent result in a stronger wave dispersion and stronger damping. These effects become particularly important for the long wavelength plasma waves, where λ p > kw 0 λ De . It is expected that the collisionless damping of the twisted plasma wave will result in the transfer of the wave orbital momentum to the resonant electrons.
The second subject of this study is magnetic field generation by an OAM plasmon. Whilst the first-order field is shown to be zero, to second order a significant ''twisted solenoid-like" magnetic field is shown to exist in both theoretical calculations and particle-in-cell simulations. A small perturbative electric field is imposed volumetrically each time-step over ten plasma periods T pe = 2π/ω pe , the amplitude of this field a 0 = 0.3/10T pe is such that if the process is 100% efficient then a plasmon with an a 0 = 0.3 will be generated. However there is an impedence to the system due, at least in part, to numerical noise, thermal effects, and the positioning of the absorbing boundaries, so the plasmon generated has an amplitude some fraction of the targeted amplitude. To achieve a closer match to the stated a 0 = 0.3 a larger box is required, but given that this requires additional computational time a compromise is made.
ACKNOWLEDGMENTS
The plasmon generated in the simulation presented here attains an amplitude in the range 0.1 < a 0 < 0. and the number of particles reduced to just 10 per cell a plasma wave of the same amplitude here is still observable.
The amplitude of the two components of the magnetic field correspond to an a 0 in the range 0.2 > a 0 > 0.15 consistent with the amplitude observed in the electron density component. The profile of the magnetic field, while static in space, has some temporal oscillation (see Fig. 4 ) at a frequency of ω pe during the amplification phase but with a small amplitude of around 10 − 20% of the mean value and decaying in time towards an equilibrium value.
At very late in time an oscillation at a frequency of 2ω pe is visible in the azimuthal field.
